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ON PARTIALLY DEGENERATE BELL NUMBERS AND
POLYNOMIALS

TAEKYUN KIM, DAE SAN KIM, AND DMITRY V. DOLGY

ABSTRACT. Recently, several authors have studied Bell numbers and poly-
nomials, also called Tochard polynomials or exponential polynomials, by
using and without using umbral calculus. In this paper, as a degenerate ver-
sion of ordinary Bell numbers and polynomials, we introduce the partially
degenerate Bell numbers and polynomials and give some new identities for
those numbers and polynomials related with Stirling numbers of the first
and second kind.

1. Introduction

As is well known, the Bell polynomials (also called Tochard polynomials or
exponential polynomials and denoted by ¢, (z)) are defined by the generating
function

: = t"
po(e' 1) _ X%Beln(x)m, (see [14 — 20]). (1.1)
e

The first few of them are
Bely(z) = 1, Beli(z) = x, Bely(x) = 22 + x, Bels(x) = 2> + 322 + z,
Bely(z) = 2* 4+ 623 + 72% + x, Bels(z) = 2° + 102* + 2523 + 1522 + 2,
Belg(x) = 2% 4+ 152° + 652" + 902° + 3527 + - -,

From (1.1), we can easily derive the following equations:

Bely(z+y) =Y GL) Bely(z)Belo_i(y), (n>0), (see[15,16]).  (1.2)
=0
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For n > 0, the Stirling numbers of the first kind are defined as

()o=1, @p=a(@—-1)---(z—n+1) ZSl n.)zl, (n>1). (1.3)
1=0

and the Stirling numbers of the second kind are given by

=" Sa(n,)(x), (see [1—13]). (1.4)
1=0
It is well known that the generating function of Si(n,l) and Sa(n,l) are given
by
n b tm

(log(l + t)) =n! Z S1(m, n)%, (1.5)

and

o tm
t_ no_ i , . \ _

(e'—1)" =n! Z Sa(m, n)m!, (see [12 —13)). (1.6)

m=n

From (1.1), we note that

. fe'e) 1 oC oo tTL
ea:(e 1) Z ‘/L‘mm(et _ l)m = Z 2™ Z SQ(/IL,TH/)E
m=0

m=0 n=m

" (1.7)
zz: (Z 2™ Sa(n,m > ot
Thus by (1.1) and (1.7), we get
Bel,(x) = Z x™Sa(n,m), (n>0), (see [14,15]). (1.8)

m=0

When z = 1, Bel,, = Bel,(1) = > _, S2(n,m) are called Bell numbers. Now,
we observe that

prle'=1) _ p—mwoze’ _ —u ﬁelt
. . lf” (1.9)
[y i)y
n=0 1=0
From (1.1) and (1.9), we have
o i
Bely(z)=e "> i (see [12,14,15)), (1.10)
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and
oo

1 1.,
Bel,, = g;ﬁz , (n>0). (1.11)
Recently, the degenerate Bell polynomials were introduced by the generating

function
2 ((1+a0)% —1) .- 2
(14 A)FAFADI=1) ZBeln,)\(x)ﬁ, (see [13]). (1.12)
n=0 :

When o = 1, Bel,, = Bel, x(1) are called the degenerate Bell numbers. Note
that limy_,o Bel, () = Bel,(z), (n > 0). Indeed, the degenerate Bell numbers
and polynomials are given by

n k m
Belyx=>_ Y (M) S1(n, k)Sa(k,m)A"F, (1.13)

k=0m=0
and
n k m
log(1+ A _
Belp a(z) = Z Z (#) S1(n, k)Sy(k, m)N"~*z™, (1.14)
k=0 m=0
where A € R and n > 0, (see [13]). In this paper, as a degenerate version of
ordinary Bell numbers and polynomials, we introduce the partially degenerate
Bell numbers and polynomials and give some new identities for those numbers
and polynomials related with Stirling numbers of the first and second kind.
2. Partially degenerate Bell numbers and polynomials

For A\ € R, we consider the partially degenerate Bell polynomials which are

defined by the generating function

1 > tn
F tox) = 1‘((1+/\t)/\—1) — b l ) —. )
(t,z)=e ;) e M(‘L)n! (2.1)

When = = 1, bel, »(1) = bel,,  are called the partially degenerate Bell numbers.
From (1.1) and (1.5), we note that

o0 $n 1
Z lim bel,, x(z)— = lim em((p”\t) A1)
= A—0 ’ n! A—0

- (2.2)

oo tn
_ pz(et=1) _
=e = EOBeln(x)n!.
n=

Th 1S by (22)7 we get
111 b ’l,r X)) = B n\T), (I > . .
Iy e )\('_L) el (._L) (TL 0) (2 3)
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From (2.1), we can derive the following equations

I

ibeln,x(w)j—; — e.’l?((1+)\t)%—l) _ i ;' ((1 +)\t)§ _ 1)m

n=0 m=0

"
n!

0g(1+/\t) )m

Mg ||Mg ﬁMS ||M8

o (¢
i (k,m)\ (log( —&—)\t))k

(2.4)
- <ZO$SQ (k, m)A ) = (log(l—i—/\t))
= (Z ™ So(k,m) ) ZSI n, k
k=( m=0 n=k
—Z{Zz&km&nk))\” kg m}ﬁ
n=0 k=0m=0 '

By comparing the coefficients on both sides of (2.4), we obtain the following
theorem.

Theorem 2.1. Forn >0, we have

n k
bely A (z) Z Z So(k,m) Sy (n, k)A"~Faz™. (2.5)
k=0 m=0
Note that
hIn bely a\(x Z Sa(n,m)x™ = Bel,(x), (n>0).
m=0

From (2.1), we observe that

I
[g)

|

8

WK
=8,
|M8
N
>
.;\'/
N >

3

2%
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where (z|\), = z(z — N)(x —2\) - (z — (n — 1)A), (n > 1) and (z|\)g = 1. By
(2.6), we get

— 1
beln () = ™) LR (2.7)
k=0
In particular, if we set = 1, then we have
bel, » = AN k| n>0
em_z;ﬁ( Nn, (1> 0). (2.8)

Therefore, by (2.7) and (2.8), we obtain the following theorem.

Theorem 2.2. For n > 0, we have

=1
bely () = ™) LGRS
k=0
In particular,
11
bely y = — ;J H(k|A)n.

From (2.1), we note that

Z bel, x(x + y (JH'U)((H—M)T 1)

- (ew((1+)\t)%—1)) <€y((1+m%_1))
3 - (2.9)
= (Z bell,)\(x);—i) <Z belm A ( _'>

— Z (Z < >bell Az )beln_z,A(y)> ;

Thus, by (2.9), we obtain the follovvlng theorem.
Theorem 2.3. Forn > 0, we have

n n
belpx(z+y) = (l>b€ll,x(w)b€ln—z,x(y)'
1=0
Now, we observe that

n—1 1
Z bely A ( t ;F(t, 2) = %em((1+)\t)X—1)
n=0 (210)

1 1 %
_ L+ a0s ac((1+/\L)A—1).
T (LT ADe
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It is not difficult to show that

L /1 t
1 1= Z 1) N
(1+X)3 ;(A )T
o ) (2.11)
t
= Z(1|)\)l+1l—,-
1=0 :
From (2.10) and (2.11), we have
S bl () =S el ()
> be 7L,A(=L)m = be (@)
n=1 n=0
o # © m
= <Z(1|/\)z+1ﬁ> (Z belym A(Jc)—,> (2.12)
=0 ’ m=0
oo n n tn
= b lm x)(1|A n—m N
O MERCIEE

Therefore, by (2.12), we obtain the following theorem.

Theorem 2.4. Forn > 0, we have

n
m

bElTL+1,)\(-T) = Z < >belm,,)\(x)(]-|)\)’n—’rrL+1‘

In particular,

n

n
bel’lH—l,)\ = Z (7”> bez'm,)\(1|)\)'n—rn+l-

m=0
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For n € N, we have

bely(x) = e “Z%(lu)n:e—x Z T ot (L N

=1 =0 I+1

n

< 1
= efml'z e Si(n, k))‘nik(l + 1)k

|
— Ni+1 =
—x  — ml A k
=e g Z—! S1(n, k) (1 + 1)k~
k=0 1=0
n 0 .Ll k—1 ko
= xZ)\” kSl(n k)Z—' ( >
k=0 =0~ j=0 J
e LS |
— n—k
N n,mzl_,z(J 1)
=0 j=1
n k b [ee) L
_ n—k —x
_xZZSl(n,k)A (J ) ZF
k=1j=1 =0
n k E—
:wZZSI(n,k),\"*% )Bel, 1(
k=1j=1

Therefore, we obtain the following theorem.
Theorem 2.5. Forn € N, we have
n k
bel,, \(z =xzz< - 1)51(n E)A" " Bel;_1 ().
k=1j=1

From (2.1), we have

— d "~ d "0 a(arani-1)
Z dmbeln’)‘(x)n! - Z d:vbdn’)‘(:t) nl 81‘6

n=1 oy
= (@+an* - 1)em(<1+u>%71)
=1+ )‘t)%ez(““tﬁ‘l) _ erlasanto1)

Note that

(2.13)

(2.14)

(2.15)
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4) and (2.15), we get
l tm

y (21
= d " > t
gd_d’“ )n—!=<2(1|x)lﬁ Zbezm m' Zbelm

1=0 m=0 n=0
oo n 9
n t"
=> > bl A (@) (LX) n—m — belp A (z) p —
m n.
n=0 \m=0
[e’s] n—1

t’n
= Z <m>belm A( )(1|)\)n—m m

n=1 \{m=0

(2.16)
Therefore, we obtain the following theorem.

Theorem 2.6. Forn > 1, we have

n—1

d n
hela(e) = S <m> bl () (1N n .

m=0
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